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. Physics of rolling
O[olling with friction, but no slipping)
\-/

* Rolling without slipping, scalar
V. =R*(d0/dt) = R*w

* Rolling without slipping, vector
V__ = Rxo = [dp/dt, rdd/dt, dz/dt]

[Rov,cos(6),
-Rwcos(0) -Rw,sin(0),
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Rolling on cones and other funnels like the Spandex

is good for demonstrating celestial phenomena:

— Orbits, precession

— Escape velocity

— Planetary Rings

— Roche Limit

— Density differentiation

— Early solar system
agglomeration models

— Binary systems
— Tidal Effects

— For details see the Spandex trilogy:
1) ‘Modelling tidal effects” AJP 61(4), ‘93

2) ‘The shape of the Spandex and orbits
upon its surface’, AJP 70(1), ‘02

3) ‘On trajectories of rolling marbles in
cones and other funnels” 81(12), ‘13

by GDW and students
NOTE: “Gravity wells” rather
than “curved space-time”

or “embedding diagrams”
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F rO m X KC D (A webcomic of romance,

sarcasm, math, and language, http://xkcd.com/681/)

...but to what extent are marbles
GRAVITY WELLS rolling in gravity wells really like

n orbits in 3-D space?
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[
‘0 Re-visiting Kepler’s Law---discovery style

planets  period, T radius from sun, R
(inyears) (in earth-sun distances)

Mercuy | 0.241 0.367

Venus 0.616 0.723

Earth 1 1

Mars 1.88 1.5

Jupiter 11.9 5,20

Satum 29.5 0.54

So, in natural units, T2 = R3 for planets.
(In unnatural units, T2 is merely proportional to R3)

AAAAAAAAAAA



t Kepler from Newton
— ...and if the force law is

e Of course, Newton’s different than inverse square,

Laws gave us a fuller say if it is proportional to the
reciprocal of the distance

understanding of (like stretched spandex) or to
Kepler’s finding, for the cube root of the distance
circular orbits: (like unstretched spandex) or
to the distance itself (like in a
2F=ma cone) then we get similar
—-GMm/R2=-mV2/R proportionality laws
analogous to Kepler’'s laws
but v=2nR/T that hold on that particular

72 . | R3 surface...even for rollers, not
=17 Is proportional 10 RY st frictionless sliders---why?



More about scalar rolling...

[
modelling one dimensional oscillations with scalar rolling without slipping
‘ U(X)example=(1/2)kx2

* One-D motion

Diff. wrt time to get
0 ={mX+U"'(X)}V,

Assume X=X+ , then

0=md +U"(x,)+U" (X)) +...
So for small 6 we get SHM with

ﬁ f "
0= = -
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More about scalar rolling...

[
modelling one dimensional oscillations with scalar rolling without slipping
‘ U(X)example=(]-/2)kx2

Rolling in a vertical plane

* One-D motion in a valley given by h(x):
E_ = i

P @\/X " @ _____Eroll - %mvxz—i_ %mvyz—l_%lwz—'_mgh()()
Diff. wrt time to get but

s , V, =V, tan(d) =V,h'(x)
0={mX+U"(x)}V, and no-slip rolling means

Assume X=X+0 , then_

0=m5+U’(%) +8U" (%) +.. (o '
So for small 3 we get SHM with o = X

,- [k [0
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More about scalar rolling...

l modelling one dimensional oscillations with scalar rolling without slipping
U(X)examplez(l/z)kx2

= | Rolling in a vertical plane
* One-D motion in a valley given by h(x):

:-cthe end of @ spr_‘mg (1D

el motio - o vertical plan€ if
the potential, and

) . - - ) \
SoTor small 6 we get SHM with r° VX
m N m o m (m+ | /az)(1+ h’z(Xo))




N OW, VeCtO I rOI | | ng (that is, let’s consider modelling planar

motion in space with rolling motion on a cone or Spandex funnel...)

\-/Write the energy as in the scalar
case with some new orbital & spin terms:

E,, = %mvp2+ U(p)+L*/(2mp?®) +spin_terms
Diff. wrt time, assuming p=R+s

0=mo €U'(R)HU"(R,)S +

kK JU"(R)+3L/(MRY)
QZD—osciIIations = E: m

Again, SHM,give orbital frequency,
L = mRU'(Ry)) = Ry =U'(R)) /M >T? c R, /U'(R)

If U~ 1/Ro, then we get Kepler's result: period square proportional to distance cubed

10

Ilg;;ogfﬁcient of opives frequency of small oscillations about orbit,




: The details are a little complicated, but when
bolling in @ near-circular orbit in a cone we find

-7

Eroting = %(m+ 1 /a®)V *(1+h?)+ mgh(p)+(1+l(1+ h’z)/(maz))(Lzl(Zmp2)+
(I /az)(1+h'2)(aa)z)£ Lh'/m +aa)ﬂ
pN1+h"?
leading to,
5 , I cos(«) 72 '
R#2. . =qgh' /|1 R - =U"(R,)/m
O¢orb|tal g 0/( + maz COS(H) COS(O(—@)) 0¢orbltal ( O)

2
Q;);Zﬁ{;:nce instead of Kepler's Law: R, (Lj —GM / R02
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: The details are a little complicated, but when

krolling in a near-circular orbit in a cone we find
v

Conclusion:
of a mass moving !

1| rolling on a sheet

if
other funnel | o
\eocc:)a:t'\on, are carefully selected,

Y " ass aﬂd ,
adjust the m o “small’

odel motion

bit with a ba
a con
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celestial of

Roégrbital =U'(R,)/m

2
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on spinangle! 27T
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: The details are a little complicated, but when
bolling in @ near-circular orbit in a cone we find

2) if y- :
3) if the derivallVe<E
4))'\f you account fr e

ma’ cos(8) cos(a —60)

Note the . ,
dependence instead of Kepler's Law: Ro( T j —
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" We determined Kepler’s law analog

for unstretched Spandex for circular

\b/orbits by doing some experiments...

* For fixed M, unstretched
Spandex has
In(T)=(1/3)In(R?) +b

— So, Spandex is T3/R?=k
instead of T2/R3=c.

notice how noisy the data is...

Experimenters can impart different
spins to the marbles resulting in
slightly different periods of orbit for
the same radius...Let’s try it on these
cones...

In(T)

Kepler's Law analog

-4 -2 0

W”L

. g $
s
$ ‘0:

line has slope 1/3
y-intercept ~ 1.35

In(R"2/sqrt(M))
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