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REFERENCE SHEET

Fundamental Constants

g=98N/kg G =6.67 x 1071 N . m?/kg?

k=1/4meg = 8.99 x 10° N - m?/C? km = po/47 =10"7 T -m/A

c=3.00 x 108 m/s kg = 1.38 x 1072 J/K

Nj = 6.02 x 10?3 (mol) ! R = Npkp = 8.31 J/(mol - K)

o =>567x10"8J/(s-m?-K*) e=1.602x 1071 C

leV =1.602x10719] h=6.63x103].s=414x 10" eV -5

me = 9.109 x 1073 kg = 0.511 MeV /c?
Useful Approximations

(1+2)" ~ 14 nz+n(n—1)z?/2 for |nz| < 1
e’ ~1+a+2%/2+2%/6 for 2| < 1
sinf ~ 0 — 6/6 for |0] < 1
cosf ~1—6%/2 for |0 < 1

You may use this sheet for both parts of the exam.
We acknowledge the US Physics Team coaches and other people for their contributions to this year’s exam
(in alphabetical order):

Tengiz Bibilashvili, Eddie Chen, Kellan Colburn, FEvan Erickson, Harry Kroft, Natalie LeBaron, Rishab
Parthasarathy.
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Problem A1l: 404 Vision Not Found

A robot is equipped with an eye containing an adjustable thin lens mounted at the front. A small
flat retina-like sensor is mounted on the optical axis at the back of the eye. The distance from the
lens to the sensor is

s’ =10.0 cm.

The circular aperture of the lens (the pupil) has diameter

d = 5.00 mm.

corrective lens

—

< incoming light

sensor

By adjusting its internal lens, the robot can focus sharply on objects whose distances lie between
1.00 m < s <10.0 m.
In this problem, treat all lenses as thin.

(a) Find both the range of focal lengths f and the range of optical powers P through which the
internal lens is adjustable.

The robot is to be adapted for two new functions:
e observing stars (objects at infinity),
e reading printed material at a distance of 25.0 cm.

To do this, a thin corrective lens is placed immediately in front of the eye. Neglect the separation
between this corrective lens and the eye lens.

(b) Find the range of optical powers P of the corrective lens that allows the robot to observe stars.

(c) Can a single corrective lens allow the robot to both observe stars and read at 25.0 cm? Explain
your answer.

(d) Estimate the diffraction-limited maximum print resolution (in dots per inch, dpi) when viewing
a page at 25.0 cm. Use light of wavelength

A = 550 nm.
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(e) When viewing a stellar object, the eye lens is adjusted so that the image forms on the sensor.
The total optical power collected by the pupil is Fy. Due to diffraction at the pupil, the image is
a central bright spot (Airy disk).

(i) Estimate the intensity at the sensor in terms of Py, A, and the parameters of the eye.

(ii) By what factor does the intensity change if, while observing the same object, the pupil
diameter is reduced from 5.0 mm to 2.0 mm?
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Problem A2: Straight on a Cone

In general relativity, particles in the absence of external forces move “straight” along curved
spacetime. In this problem, we will analyze a classical mechanics analogue of this idea.

Suppose a point mass m is constrained to move along the surface of an infinite, fixed, frictionless
cone of half-angle a. Ignore gravity throughout this problem, and assume the only force on the
mass is the normal force from the cone. Let the vertex of the cone be O.

At time t = 0, the mass is at a point A, a distance o from O, and its velocity has magnitude v
and is perpendicular to the displacement vector OA (i.e., tangent to the cone).

(a) Find the normal force at time ¢ = 0.

(b) At some later time, the mass is at a point B, a distance 71 from O. Find the angle 1 its velocity
vector makes with the displacement vector OB.

(c) At what time ¢ does the mass reach the point B?

(d) After a long time, find the total number of revolutions the mass makes around the axis of the
cone.
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Problem A3: Storm Chaser

The violent updrafts and vortices that power severe thunderstorms arise from atmospheric instability.
Neglect moisture effects, and model the atmosphere as an ideal gas of molar mass u. Let Cp and
C'v be the Molar heat capacities at constant pressure and volume, respectively, with Cp = Cy + R.
Gravitational acceleration is g.

Part A: Updraft

(a) Derive the relationship between atmospheric pressure and altitude, %, in terms of the atmospheric
density p.

(b) A parcel of air is lofted rapidly upward in a storm’s updraft, exchanging no heat with its
surroundings. Assume the parcel remains in pressure equilibrium with the surrounding atmosphere

as it rises. Using your result from part (a) and the first law of thermodynamics, derive the rate
aTp

at which the parcel’s temperature changes with altitude, I}, = ——2.

(c) The atmosphere ahead of the storm has an environmental temperature profile T, (z) with lapse
rate [, = —‘ﬂ;l% and surface temperature T¢,,(0) = Tp. A parcel in equilibrium at z = 0 is
displaced upward by §z. Determine:

(i) The condition on Iy, for the atmosphere to be unstable, and

(ii) The oscillation frequency of the parcel when the atmosphere is stable.

Part B: Vortex

In this section, treat the atmosphere as isothermal with uniform density pg and ambient pressure Px.

(a) A tornado can be modeled as a Rankine vortex: solid body rotation v = 2r for r < R and
irrotational flow v = 2R?/r for r > R, with P — P, as r — oo. Using radial force balance on a
small parcel of air moving in a circular path, derive the radial pressure gradient and find the
central pressure deficit AP = Py, — P(0).

(b) Using a displacement argument analogous to derive the condition on the circulation
~v(r) = rv(r) for a rotating fluid to be stable. Apply your result to the Rankine vortex.
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Problem B1l: Radiant Bubbles

Hot stars emit vast amounts of ultraviolet photons. These photons ionize the surrounding neutral
hydrogen gas, creating a bubble of ionized hydrogen known as a Strémgren Sphere.

Consider a star at the center of a uniform cloud of hydrogen with mass density pg. The star
emits ionizing photons at a constant rate @, (photons/s). Assume the ionized region is in a steady
state where the total ionization rate equals the total recombination rate.

Inside the sphere, the recombination rate per unit volume R is:

R =npne.a

where « is the total volume recombination rate coefficient and n, and n. are the respective proton
and electron number densities defined as

3=

n

where m is the particle mass and p is the particle density.

(a) Assume the gas inside the sphere is completely ionized and composed of only hydrogen. Derive
an expression for the Stromgren radius, r, in terms of Q4, «, the number density of hydrogen
nyg, and fundamental constants.

When the star first starts emitting radiation, an ionization front sweeps outward through the
surrounding gas as the ionized region expands. In this early stage, assume the gas is initially at
rest, the front is a thin discontinuity, and recombinations behind the front can be neglected.

(b) Let s be the speed of the front moving into neutral hydrogen of number density ng. Let J be
the flux of ionizing photons reaching the front (photons per unit area per time).
(i) Derive the expansion speed s in terms of J and ng.

(ii) Find the radius r(t) of the ionization front as a function of time. Let r(0) = 0.

Inside the sphere, the gas is hot (T}, ~ 10* K), while the neutral gas outside is cold (T, ~ 100 K).
Initially, the number densities of hydrogen are similar:

NHin = NH,out-

Assume the gas is ideal, the ionized region remains fully ionized as it expands, and ionization
balance is maintained.

(c) (i) Calculate the ratio of the internal pressure Pj, to external pressure Ppyy;.

(ii) At some point the bubble will stop expanding. Find the final radius r in terms of r¢ and the
temperature ratio (Tin/Tout)-

On a larger scale, galaxy clusters are filled with hot gas (T ~ 107 K) in hydrostatic equilibrium
where gravitational forces are balanced by gas pressure:

dP dd

ar  ar’
where @ is the gravitational potential per unit mass. Assume the gas is ideal and approximately
isothermal.
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(d) (i) If the gravitational potential satisfies

%:

where v, is constant, show that the gas density follows a power law

o o2
;

p(r) ocrh.

Find 8 in terms of v., T, and fundamental constants.

(ii) The gas cools by emitting X-ray photons through free-free emission at a volumetric rate
Ao n?2VT.

i. If the cooling time scales as tepo X T“pz, find a and b.

ii. Express teoo as a function of r and determine its behavior as as r — 0 and r — oo.

(iii) From observations of luminous X-rays, we know that the gas at the center of galaxy clusters
is hot. Is this expected based on this model? Briefly explain why or why not.
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Problem B2: Say Cheese... It’s a Conic

You are studying the motion of charged particles constrained to the xy-plane. Particle «, with
charge +1C, is fixed at the origin.

For motion under an inverse-square central force, trajectories are conic sections with the fixed

particle at a focus. In polar coordinates:

(a)

e For an attractive interaction (ellipse),

70

r=-—— e<1.
1+ecose’
e For a repulsive interaction (hyperbola),
o
=—0  e>1
ecosgp — 1

You have a camera that takes three snapshots of a moving particle at equal time intervals.

A particle 8, with charge —1 C, moves under the electrostatic force of particle «. In three
consecutive snapshots, its positions are

(0,—=5m), (3m,0), (0,5m).

Assuming the motion is governed only by the Coulomb interaction with «, determine the
maximum distance that particle 8 reaches from the origin.

Now particle 3 is replaced by particle v, which has charge +2 C and is free to move in the plane.
In three consecutive snapshots, its positions are

(3m,—4m), (2m,0), (3m,4m).

Assuming the motion is governed only by the Coulomb interaction with «, determine the angle 6
(measured from the positive z-axis) of the velocity of particle  at large times.

A family of particles, each identical to particle v (that is, each has charge +2 C), approaches
from infinity in the xy-plane. All particles have the same speed vy, far from the origin and move
along lines parallel to the initial asymptotic direction of particle v from part (2). The particles
are injected one at a time, so they do not interact with one another.

For each trajectory, define the impact parameter B to be the perpendicular distance between the
initial straight-line path of the particle and the origin.

As a particle passes near the scattering center, its direction changes due to Coulomb repulsion.
Let a denote the total deflection angle of the trajectory, i.e., the angle between the incoming
and outgoing asymptotic directions.

(i) Using the conic form of the trajectory, derive a formula for B(«).

(ii) Using the result of part (2), express B(«) in terms of rq.
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Problem B3: The Trojan Cylinder

In alternating-current systems, the quality factor ) can be defined as

(a)

O = 21 x maximum energy stored
=27 .
energy lost per cycle

A circuit consists of an inductor of inductance L and resistance R, carrying a current
I(t) = Iy cos(wt).
Using the energy definition of @), express @) in terms of w, L, and R.

A long solenoid of inductance L is made of superconducting wire and is tightly wound around
a thin conducting cylindrical shell of radius a, thickness t < a, conductivity o, and length £.
Ignore end effects and skin effects.

The current in the solenoid is
I(t) = Iy cos(wt).

Using the definition of @), determine @) in terms of w, o, ¢, a, and L.
Using your result from part (1), determine the effective resistance of the system.

Now suppose the solenoid is connected in series with an external resistor R. Determine the total
quality factor of the system in the presence of the conducting cylinder.

Compare the frequency dependence of the quality factor @ for:

e an RL circuit consisting of an ideal inductor L in series with a resistor R,

e the same circuit with the conducting cylinder inserted.

Explain physically why the behavior differs.
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